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ABSTRACT
The evolution of magnetic fields is studied using simulations of forced helical turbulence
with strong imposed shear. After some initial exponential growth, the magnetic field
develops a large scale travelling wave pattern. The resulting field structure possesses
magnetic helicity, which is conserved in a periodic box by the ideal MHD equations and
can hence only change on a resistive timescale. This constrains the growth time of the
large scale magnetic field, but only weakly the cycle period. Comparing with the case
without shear, the timescale for large scale field amplification is shortened by a factor
Q, which depends on the relative importance of shear and helical turbulence, and which
controls also the ratio of toroidal to poloidal field. The results are compatible with the
idea that α-effect and turbulent magnetic diffusivity of the poloidal field are strongly
suppressed by the magnetic field, but that the turbulent diffusivity of the toroidal field
is perhaps only weakly affected.
1 INTRODUCTION
In astrophysical bodies such as stars and galaxies there is a
strong magnetic eld of large scale. Such elds have usually
signicant magnetic helicity. In the case of the sun signif-
icant amounts of magnetic helicity are indeed observed at
the solar surface (Berger & Ruzmaikin 2000). However, in
unbounded or periodic domains, as well as in perfectly con-
ducting domains, a large scale helical magnetic eld can only
grow to its nal (super-) equipartition eld strength on a re-
sistive timescale (Brandenburg 2000, hereafter referred to as
B2000). This result is a direct consequence of magnetic he-
licity conservation which implies that magnetic helicity can
only change on a long resistive timescale. The signicance
of helicity conservation for α-eect mean-eld dynamos was
rst pointed out by Blackman & Field (2000).
An outstanding question is now whether or not this he-
licity constraint also plays a role in real astrophysical dy-
namos which dier from those considered in B2000 in sev-
eral ways: the presence of open boundaries through which
magnetic helicity can be lost (both at the surface and at the
equator), and the presence of shear through which strong
toroidal magnetic elds can be generated without aecting
the magnetic helicity.
There is a number of working dynamos which have
both open boundaries and shear (e.g., Glatzmaier & Roberts
1995, Brandenburg et al. 1995), but those models are
rather complex and use subgrid scale modelling, so one can-
not straightforwardly dene an eective magnetic Reynolds
number. This makes a reliable assessment of the eects of
helicity conservation dicult. In order to determine the rel-
ative importance of the various possibilities for relaxing the
helicity constraint (shear, open boundaries, etc.) it is useful
to consider each possibility in isolation. As a straightforward
extension of the model of B2000 we consider here the inclu-
sion of large scale sinusoidal shear, which allows us to retain
the assumption of periodic boundary conditions.
We have mentioned already that shear could be impor-
tant for relaxing the helicity constraint, because the toroidal
eld generated by stretching does not need to be helical and
would hence not be subject to the helicity constraint. On the
other hand, shear alone is insucient for dynamo action: one
needs an additional eect that regenerates poloidal (cross-
stream) eld from toroidal eld (e.g. Moatt 1978, Krause
& Ra¨dler 1980). It turns out that it is then no longer the
large scale eld as such which grows resistively, but rather
the geometrical mean of the magnitudes of the poloidal and
toroidal mean elds. The reason is simple: large scale helic-
ity measures essentially the linkage of poloidal and toroidal
elds and must therefore be proportional to the product of
the two. This alleviates the resistive constraint somewhat,
because now stronger toroidal elds are possible at the ex-
pense of weaker poloidal elds or, conversely, equipartition
strength large scale elds can be attained in times shorter
by the ratio of toroidal to poloidal eld strength.
2 THE MODEL
As in B2000 we adopt the MHD equations for an isothermal
compressible gas, driven by a given body force f , which
represents both shear and small scale driving;
D ln ρ
D t
= −∇  u, (1)
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Du
D t







∇∇  u) + f , (2)
∂A
∂t
= uB − ηµ0J , (3)
where D/Dt = ∂/∂t + u ∇ is the advective derivative, u
is the velocity, ρ is the density, B =∇A is the magnetic
eld, A is its vector potential, J =∇B/µ0 is the current
density, η is the magnetic diusivity, and µ the dynamical
viscosity. We adopt a forcing function f of the form
f = f turb + f shear, (4)
where
f shear = Cshear
µ
ρ
y^ sin x (5)
balances the viscous stress once a sinusoidal shear flow has
been established, and
f turb = RefNfk(t) exp[ik(t)  x+ iφ(t)]g, (6)
is the small scale helical forcing with
fk =
k  (k e^)− ijkj(k  e^)
2k2
√
1− (k  e^)2/k2
, (7)
where e^ is an arbitrary unit vector needed in order to gener-
ate a vector ke^ that is perpendicular to k, φ(t) is a random
phase, and N = f0cs(kcs/δt)
1/2, where f0 is a nondimen-
sional factor, k = jkj, and δt is the length of the timestep.
As in B2000 we focus on the case where jkj is around 5, and
select at each timestep randomly one of the 350 possible
vectors in 4.5 < jkj < 5.5.
We use nondimensional units where cs = k1 = ρ0 =
µ0 = 1. Here, cs is the sound speed, k1 is the smallest
wavenumber in the box (so its size is 2pi), ρ0 is the mean
density (which is conserved), and µ0 is the vacuum perme-
ability.
We are interested in the case where shear is strong com-
pared with the turbulence, but still subsonic. In B2000 we
used f0 = 0.1 and found that the resulting Mach number
of the turbulence was between 0.1 and 0.3, which is already
too close to one that there would be no room to accommo-
date suciently large shear which is still subsonic. Thus, we
now choose f0 to be ten times smaller, so we take f0 = 0.01.
During the saturated phase of the dynamo the resulting rms
velocities in the meridional (xz) plane are now around 0.015.
For the shear parameter we choose Cshear = 1, which leads to
toroidal rms velocities of around 0.6, which is about 40 times
stronger than the velocities in the meridional plane. We
choose a magnetic Prandtl number of ten, i.e. µ/(ρ0η) = 10,
and use η = 5  10−4, so the magnetic Reynolds numbers
based on the box size (= 2pi) for poloidal and toroidal ve-
locities are Rpolm = 190 and R
tor
m = 7500, respectively. The
poloidal magnetic Reynolds number based on the forcing
scale is only about 40, and the kinetic Reynolds number
based on the forcing scale is only 4, which is not enough to
allow for a proper inertial range. The turnover time based on
the forcing scale and the poloidal rms velocity is τ = 70. In
the following we denote by poloidal and toroidal components
those in the xz-plane and the y-direction, respectively.
As usual for these type of simulations with helical forc-
ing, there is strong dynamo action at small scales ampli-
fying an initially weak random seed magnetic eld expo-
nentially (on a dynamical timescale) to equipartition with
Figure 1. Images of the three components of B in an arbitrarily
chosen xz plane (rst row), compared with the y-averaged elds
(second row) and the fourier-ltered y-averaged elds with jkj 
2, indicated by the subscript f (third row). 1203 meshpoints, t =
6000.
kinetic energy. The poloidal eld, which is strongly domi-
nated by small scales, saturates early on (at t  1000) at a
level of about 0.010{0.015. The toroidal eld saturates later
(at t  2000) at a level of about 0.2{0.3, and is then already
dominated by large scales.
We begin by discussing the resulting eld structure at
late times, make comparisons with αΩ dynamo theory and
then turn to the question of resistively limited growth of the
large scale eld.
3 FIELD STRUCTURE AND αΩ DYNAMO
In Fig. 1 we show images of the three eld components in the
meridional plane. Note that the toroidal eld shows much
smoother and larger scale structures than the meridional
eld components. Moreover, the toroidal eld shows almost
no variation along the y-directions: the toroidal average, By ,
(second row), is very similar to an individual meridional
cross-section of By , rst row. However, in contrast to the
case without shear, where the mean elds showed system-
atic variations only in one of the three coordinate directions
(B2000), here the toroidal eld varies with both x and z,
consisting of a superposition of modes with kx = 1 and
kz = 1.
The toroidal component of the mean eld displays dy-
namo waves travelling in opposite directions at dierent
x-positions, depending on the local sign of the shear. For
x = −pi the local shear is negative and the dynamo wave
travels in the positive z-direction, whilst for x = 0 the lo-
cal shear is positive and the wave travels in the negative
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Figure 2. Space-time diagram of the mean toroidal eld at
x = −pi (negative local shear) and x = 0 (positive local shear).
Dark (light) shadings refer to negative (positive) values. Note the
presence of dynamo waves travelling in the positive (negative)
z-direction for negative (positive) local shear.
z-direction (at least after t = 4000); see Fig. 2. This is con-
sistent with what is predicted from mean eld αΩ dynamo
theory (e.g. Yoshimura 1975). The behaviour at x = 0 is
more complicated, suggesting that there is more going on
than just two independent dynamo waves.
The results of the simulations without shear were con-
sistent with an α2 dynamo whose coecients α and ηt (tur-
bulent diusivity) were quenched by the magnetic eld in
similar ways such that the dynamo was just marginally ex-
cited. If we assume that the present results (with shear) can
also be described by a marginally excited mean-eld dynamo
we can estimate both α and the total (microscopic plus tur-
bulent) magnetic diusivity, ηT = η + ηt. This was not pos-
sible for an α2 dynamo, but here we have additional infor-
mation: the cycle period T , which is about 1000 for x = −pi
and about 2000 for x = 0. However, unlike the case without
shear, the magnetic eld is now strongly anisotropic, and
it is possible that this eld suppresses predominantly the
turbulent diusion of the eld in the meridional plane, as it
was found numerically by Cattaneo & Vainshtein (1991) us-
ing two-dimensional simulations, whilst turbulent diusion
of toroidal eld remains strong and is only weakly quenched.
This seems plausible, because even a strong toroidal eld can
be diused by mutually interchanging toroidal eld lines, as
was seen in three-dimensional simulations by Nordlund et
al. (1994). In the following we take the ratio of the two dif-
Table 1. Values of D and C for a marginally excited αΩ dynamo
with given value of  for a one-dimensional and a two-dimensional
model.
 D1−D D2−D C1−D C2−D
1 2 2.4 1 0.57
0.1 0.35 0.4 0.32 0.20
Figure 3. Evolution of hBix and hBiy at x = −pi and z = 0.
Note that hBix has been scaled by a factor −100.
fusion coecients for poloidal and toroidal elds as a free
parameter , and assume tentatively   0.1, which is com-
parable to the ratio of the velocity dispersion in the poloidal
and toroidal directions.
For a linear mean eld αΩ dynamo in a marginally ex-
cited state one may dene the dynamo number D and the
nondimensional cycle frequency C as
jαSk1j/(ηTk21)2 = D, ω/(ηTk21) = C, (8)
where ω = 2pi/T is the cycle frequency, α is the magnitude
of the α-eect, and S = ∂uy/∂x is the velocity gradient
in the x-direction. The parameters D and C depend on 
and on details of the model. For a one-dimensional model
(ignoring the x-dependence) we have (see appendix A1)
D = (1 + )1/2, C = 1/2. (9)
However, a two-dimensional model is more appropriate. We
determined numerically the corresponding values of D and
C and compare them in Table 1 with those of the one-
dimensional model.
Comparing the two-dimensional mean-eld model (for
 = 0.1, C = 0.2, and D = 0.4) with the simulations,
where S  0.6, we nd from Eq. (8) that ηT = 0.03
and jαj = 7  10−4 if T = 1000, or ηT = 0.016 and
jαj = 1.6  10−4 if T = 2000 is used. The value of ηT
comparable to, or even slightly larger than, the kinematic
value, τ hu2zi  0.013, which in turn is  30 times larger
than the microscopic value, η = 5  10−4. This is compati-
ble with the idea that, unlike the non-oscillatory α2-dynamo
of B2000, only the magnetic diusivity of poloidal eld, ηT,
is strongly suppressed, but ηT itself is probably not.
There are additional properties of a mean-eld dynamo,
e.g. the phase shift and amplitude ratio between By and Bx,
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Figure 4. Evolution of the power, jB^i(kj)j2, of a few selected
Fourier modes. After t = 1700, most of the power is in the mode
jB^y(kz)j2, i.e. in the toroidal eld component with variation in
the z-direction.
which are also in fair agreement with the simulations: −Bx
leads By slightly and is several hundred times weaker than
By ; see Fig. 3. However, the oscillations are markedly non-
harmonic, a property which might allow additional informa-
tion to be gained about the quenching mechanism.
Before we turn to the saturation of the eld at the
largest scale of the box we rst want to assess the relative
importance of the dierent Fourier modes at dierent times
we plot in Fig. 4 the evolution of the power, jB^i(kj)j2, in a
few selected modes. Note that after t = 1700, most of the
power is in the mode jB^y(kz)j2, i.e. the toroidal eld com-
ponent with variation in the z-direction. Between t = 1700
until t  3500 the ratio of toroidal to poloidal eld ener-
gies is around 104, so Btor/Bpol  100. At later times this
ratio diminishes somewhat. This may suggest that there is
a growing contribution from α2-type dynamo action. This
is also supported by the apparently independent evolution
of the oscillatory kz-mode and the non-oscillatory kx-mode;
see Fig. 4.
In Fig. 5 we show two-dimensional powerspectra of the
three components of the mean eld, B. (Here and else-
where we denote y-averaged elds by a bar whilst angu-
lar brackets are used for full volume averages.) Note that a
strong toroidal eld builds up rst, and at later times the
poloidal eld components also gain signicant power at the
largest scale (i.e. at k2 < 2). One should bear in mind, how-
ever, that these spectra are for the mean elds. The three-
dimensional powerspectra of the non-averaged elds reveal
that the poloidal elds are ‘noisy’ and possess signicant
power at the forcing wavenumber, kf ; see Fig. 6.
The small scale contributions to the poloidal eld result
from variations in the toroidal direction, as can be seen in a
longitudinal cross-section; see Fig. 7, where we show images
of the three eld components in the yz plane. The gure
shows that whilst the toroidal eld is relatively coherent
in the toroidal direction, the poloidal eld components are
much less coherent and show signicant fluctuations in the
y-direction.
We now turn to the temporal evolution of the resulting
large scale magnetic eld that is gradually emerging in this
Figure 5. Two-dimensional powerspectra of the three compo-
nents of the mean eld, By (solid for the y component, and bro-
ken lines for the x and z components. The k−1 slope is given for
comparison.
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Figure 6. Three-dimensional powerspectrum of the three eld
components. 1203 meshpoints, t = 6000.
Figure 7. Images of the three components of B in an arbitrarily
chosen yz plane. Note that Bx and Bz show strong variations in
y, but By does not. t = 6000.
simulation. We begin by briefly reviewing the main results
in the absence of shear (B2000).
4 RESISTIVELY LIMITED GROWTH ON
LARGE SCALES
In an unbounded or periodic system the magnetic helicity,
hA  Bi, can only change if there is microscopic magnetic
diusion, η, and nite current helicity, hJ Bi,
d
dt
hA Bi = −2ηhJ Bi. (10)









which corresponds to a force-free magnetic eld that varies
in the z-direction, although variations in one of the other
two coordinate directions, and with arbitrary phase shifts
ϕx  ϕy , were also possible (B2000). B0 = hB2i1/2 is the
amplitude, whose time dependence was found to be subject
to the helicity constraint (B2000).
The present case diers because of shear which tends
to increase the toroidal eld, but not the poloidal eld. We
model this by writing
B =
(
Bpol cos(k1z + ϕx)




where Bpol and Btor are the amplitudes of the poloidal and
toroidal eld components. In addition to the z-dependence
there can also be an x-dependence of the mean eld, which
is natural due to the x-dependence of the imposed shear pro-
le. However, for the following argument all we need is the
fact that the magnetic and current helicities are proportional
to the product of poloidal and toroidal eld magnitudes,
hJ Bi/k1  Btor Bpol  k1hA Bi, (13)
where the upper sign applies to the present case where
the kinetic helicity is positive (representative of the south-
ern hemisphere), and the approximation becomes exact if
Eq. (12) is valid.
Following B2000, in the steady case hA  Bi = const,
see Eq. (10), and so the r.h.s. of Eq. (10) must vanish, i.e.
hJ  Bi = 0, which can only be consistent with Eq. (13)
if there is a small scale component, hj  bi, whose sign is
opposite to that of hJ Bi. Hence we write
hJ Bi = hJ Bi+ hj  bi  0. (14)
This yields, analogously to B2000,
− d
dt
(Btor Bpol) = +2ηk
2
1 (Btor Bpol)− 2ηk1jhj  bij, (15)
which yields the solution







where 0 = jhj bij/(k1B2eq) is a prefactor, Beq is the equipar-
tition eld strength with B2eq = µ0hρu2i, and ts is the
time when the small scale eld has saturated which is when
Eq. (15) becomes applicable. All this is equivalent to B2000,
except that hB2i is now replaced by the product Btor Bpol.
The signicance of this expression is that large toroidal elds
are now possible if the poloidal eld is weak.
In order to compare with the simulation we now dene
Btor  hB2yi1/2, Bpol  hB2x +B2zi1/2, (17)
Note that this denition generalizes that given in Eq. (12).
In Fig. 8 we show the evolution of Btor and Bpol and compare
the evolution of the product Btor Bpol with Eq. (16). There
are dierent stages; for 1200 < t < 2200 and 3000 < t <
3700 the eective value of k21 is k
2
1 = 2 (because there are
contributions from kx = 1 and kz = 1; see Fig. 4), whilst at
other times (2500 < t < 2800 and t > 4000) the contribution
from kx = 1 (for 2500 < t < 2800) or kz = 1 (for t > 4000)
has become subdominant and we have eectively k21 = 1.
This is consistent with the change of eld structure discussed
in the previous section: for 2000 < t < 3000 and around
t = 4000 the By(kx = 1) mode is less powerful than the
By(kz = 1) mode.
5 TIMESCALE CONSTRAINT FOR THE SUN
The main result of this paper is a quantitative modication
of the helicity constraint for dynamos in the presence of
shear. With shear included the estimate for hB2i of B2000
is now to be replaced by the product Btor Bpol  hB2i/Q,
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Figure 8. Growth of poloidal and toroidal magnetic elds on
a logarithmic scale (upper panel), and product of poloidal and
toroidal magnetic elds on a linear scale. For the t we have used
k21 = 2 and 0 = 3.8.
where Q = Btor/Bpol  1 and so hB2i  B2tor. For early
times, the exponential function in Eq. (16) can be expanded:
hB2i  0B2eq2ηk21(t− ts)Q. (18)
In the case of ecient large scale dynamo action the small
scale current helicity is very nearly equal to the normalized
kinetic helicity, ρ0hω ui (see also Brandenburg & Subrama-
nian 2000), which in turn is approximately kfhρu2i. Since
0 = hj  bi/(k1B2eq), this leads to 0  kf/k1, which is 5 in
the present case.
We now want to estimate the time, τeq, required to
build up a large scale eld of equipartition eld strength,





20Q) = Rm/(1Q), (19)




Applying this to the sun we have τeq/τ  104−107, if we as-
sume Rm = 10
8−1010, Q = 10−100, and 1  (2pi)2  100.
The ratio of the solar 22-year magnetic cycle period and
the turnover time of about ten days is 800, which is signif-
icantly smaller than the ratio predicted by Eq. (19). Thus,
even in the presence of shear the helicity constraint could
still pose a problem for the sun. On the other hand, it is
not clear that the cycle period is strongly eected by the
helicity constraint. However, before making more detailed
comparisons with the sun it would be important to assess
the importance of open boundaries, for example. This seems
to be now one of the most important remaining aspects to be
claried in the theory of large scale dynamo; see also Black-
man & Field (2000) and Kleeorin et al. (2000). The eects
of open boundaries are likely to be especially important in
cases with outflows (e.g. in protostellar accretion discs or
in active galactic nuclei). It should also be mentioned that
dynamos may operate with non-helical flows; see the recent
paper by Vishniac & Cho (2000). This may relax the helic-
ity constraint, but so far there are no simulations supporting
this possibility.
6 CONCLUSIONS
The present investigations have shown that the eects of
the helicity constraint can clearly be identied, even though
much of the eld amplication results now from the shear-
ing of a poloidal eld. Instead of having a constraint on the
magnetic energy, one now has a constraint on the geometri-
cal mean of the energies in the poloidal and toroidal mean
eld components. The dynamo remains time dependent with
a typical period T  1000  14τ . The toroidally averaged
eld alternates in sign with clear signs of migration. Unlike
the case without shear, the turbulent magnetic diusivity is
no longer quenched to its microscopic value.
The present work has also revealed that, even though
the kinetic helicity of the flow is near to its maximum
possible value, the poloidal eld shows a great deal of
‘noise’, whilst the toroidal eld does not. Powerspectra of
the poloidal eld show that most of the power is in small
scales, making the use of averages at rst glance question-
able. However, once the eld is averaged over the toroidal
direction the resulting poloidal eld is governed by large
scale patterns (the slope of the spectrum is steeper than
k−1, which is the critical slope for equipartition of energy
between small and large scale elds). The presence even of
a weak poloidal eld is crucial for understanding the result-
ing large scale eld generation in the framework of an αΩ
dynamo.
The results of the simulations can possibly be repro-
duced by a mean-eld model where the alpha-eect and
the turbulent magnetic diusivity of the poloidal eld are
strongly quenched by the magnetic eld, but the turbu-
lent magnetic diusivity of the toroidal eld is quenched
only weakly. This would imply that the cycle period has a
weaker dependence on the magnetic Reynolds number than
the growth time of the dynamo.
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APPENDIX A1: MEAN-FIELD MODEL WITH
ANISOTROPIC MAGNETIC DIFFUSIVITY
We present here the calculation of the dependencies (9)
for the simple one-dimensional mean-eld model with
anisotropic magnetic diusivity. Assuming that α and ηT
are constant, and that the magnetic diusion of poloidal
eld is smaller than that of the toroidal eld by a fraction
, the αΩ dynamo equations can be written in the form
_Bx = −αB0y + ηTB00x, (A1)
_By = SBx + ηTB
00
y , (A2)
where primes and dots denote z- and t-derivatives, respec-
tively. The dispersion relation is
(λ + ηTk
2)(λ + ηTk
2) + ikαS = 0. (A3)
For the marginally excited state, λ = −iω, we have
−ω2 − iω(1 + )ηTk2 + (ηTk2)2 + ikαS = 0, (A4)
where all quantities are real. Thus, we have two equations,
−ω2 + (ηTk2)2 = 0, (A5)
and
−ω(1 + )ηTk2 + αSk = 0. (A6)





We dene the dynamo number
D  jαSkj/(ηTk2)2, (A8)
and so the critical value is Dcrit = (1 + )
1/2. The eigen-
function can be determined as









1 +  (A10)









is the phase speed of the dynamo wave, and
ϕ = atan(1/2) (A12)
is the phase shift. For  = 1 we have ϕ = pi/4, whilst for
 = 0.1 we have ϕ  0.1pi. For the two-dimensional model
the phase shifts are larger: 0.33pi for  = 1 and 0.30pi for
 = 0.1. This phase shift is related to ϕx and ϕy of Eq. (12)
via
ϕ = ϕy − ϕx − pi/2, (A13)
so ϕ = 0.3pi corresponds to ϕy − ϕx = 0.2pi, so the value
of jhJ Bij that enters in Sect. 4 is about 20% smaller than
the maximum possible value.
